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We discuss the properties of quantum state reactivity as a measure for quantum correlation.
This information geometry–based definition is a generalization of the two qubit construction of
Schumacher to multipartite quantum states. It requires a generalization of information distance to
information areas as well as to higher–dimensional volumes. The reactivity is defined in the usual
chemistry way as a ratio of surface area to volume. The reactivity is an average over all detector
settings. We show that this measure posses the key features required for a measure of quantum
correlation. We show that it is invariant under local unitary transformations, non–increasing under
local operations and classical communication, and monotonic. Its maximum bound can’t be obtained
using only classical correlation. Furthermore, reactivity is an analytic function of measurement
probabilities and easily extendable to higher multipartite states.
PACS numbers: 03.67.a,03.65.Ud,03.65.w
I. INFORMATION GEOMETRY IN QUANTUM MECHANICS
The central role that information plays is in physical laws are well established and captured by two pithy phrases,
“Information is Physical,” and “It–from–Bit.”[6, 17, 19] Within this framework, Schumacher introduced a triangle
inequality that is based on measurements of a singlet state.[14] His approach was an innovative application of quantum
information geometry that highlighted quantum entanglement between two qubits. Schumacher’s original construction
for the singlet state was based on the quantum information distance measure of Rokhlin and Rajski. This distance
formula was first used in quantum mechanics by Zurek and Bennett et al.[3, 10, 11, 19]
Quantum entanglement is the key resource for quantum information processing.[9] This has been accompanied
by a wealth of studies of entanglement and entanglement measures. Here we report on the properties of a recent
information geometry measure of entanglement arising from an extension of Schumacher’s construction from bipartite
to multipartite states[1, 7] In particular, we introduced a geometric-based measure of reactivity that is a ratio of
surface area to volume.[2, 5]
We show that the quantum state reactivity satisfies the properties required for such a measure of quantum correla-
tion. We discuss these properties in Sec. III. However, we will first provide a brief outline of Schumacher’s information
distance–based geometry in Sec. II in order to motivate our generalization to multipartite quantum states. In Sec. II,
we also extend this distance to information area and volumes. These higher–dimensional volumes can be used to define
the reactivity measure for quantum correlation. The reactivity is directly related to the definition used in chemistry as
the ratio of surface area divided by volume. This is easily generalizable to higher dimensional multipartite quantum
states. In Sec. IV we discuss and summarize our results.
II. DEFINITION OF MEAN REACTIVITY TO GENERALIZED MULTIPARTITE QUANTUM STATES
Schumacher showed that geometries created for entangled quantum states are not ordinarily embeddable in Euclid-
ian space.[14] He utilized an information metric based on Shannon entropy as:
DAB = HA|B +HB|A = 2HAB −HA −HB , (2.1)
where HA|B is conditional entropy of A given B.[3, 10, 11, 19]
This measure of distance satisfies all three properties of a metric,
1. It is constructed so as to be symmetric, DAB = DBA
2. It obeys the triangle inequality, DAB ≥ DAC +DCB .
3. It is non-negative, DAB ≥ 0, and equal to 0 when A=B.
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2In order to connect this distance to a measure of quantum correlation, Schumacher created a trapezoidal structure
for a bipartite system, by assigning two detector for each of the two observers measuring each qubit as illustrated in
Fig. II.
FIG. 1: The trapezoidal information geometry of an ensemble of singlet states, |S〉, that was first introduced by Schumacher.[14]
Here Alice employs two detectors A1 and A2 measuring one of the two entangled photons, and Bob also has two distinct
detectors B1 and B2. Alice and Bob record a “1” if their detectors triggers, otherwise they measure a “0.” From their string of
measurements they can define an information distance DAiBj between each of the four pairs of detectors. Schumacher found
that for some choice of detector angles, namely {α1, β1, α2, β2} = {0, pi/8, pi/4, 3pi/8}, that the trapezoidal geometry could not
be embedded into the Euclidean plane. The triangle equality would be violated for this entangled state.
In this geometry, and for a range of detector settings, the direct distance between the two detectors A and D is
larger than the sum of the three indirect distances. In other words, Schumacher showed that the inequality can be
violated for maximally entangled states.
DA1B2 ≤ DA1B1 +DA2B1 +DA2B2 . (2.2)
This is equivalent to the non-embeddibility of the trapezoid into the Euclidean plane. In this simple gedanken
experiment, he showed that it’s possible to capture the none-classicality of the quantum correlation of a quantum
system by looking at the Shannon-based information geometry applied directly to the space of measurements obtained
by the four detectors of Alice and Bob.
Following Schumacher’s approach, we generalized this approach to a multipartite system containing an arbitrarily
large number of qubits.[1, 2, 7] In so doing, we defined a reactivity R for a quantum network, and for a bipartite
quantum state it is expressed in terms of the information distance,
R := 1DAB
. (2.3)
Here, the average is taken over all detector settings,
DAB :=
1
4pi2
∫ 2pi
0
∫ 2pi
0
DAB(α, β)dαdβ. (2.4)
In Fig. II we compare the reactivity (R) to the other commonly–used measures, concurrence (C)[13, 18] and discord
(D)[8, 12] for a bipartite Werner state,
|W 〉 = λ|S〉〈S|+ 1
4
(1− λ) I, (2.5)
where λ ∈ [0, 1] is the entanglement, and |S〉 = (|00〉+ |11〉)/√2 is a singlet state.
In addition to information distance in Eq. 2.2, we can analogously assign an information area of a tripartite quantum
state[5], where
AABC := HA|BCHB|CA +HB|CAHC|AB +HC|ABHA|BC . (2.6)
This can be extended analogously to higher-dimensional simplexes, e.g. the information volume for a 4–qubit quantum
state[1, 5, 7] such that
VABCD := HA|BCDHB|CDAHC|DAB +HB|CDAHC|DABHD|ABC
+HC|DABHD|ABCHA|CDB +HD|ABCHA|BCDHB|CDA.
(2.7)
3��� ��� ��� ��� ��� ���
���
���
���
���
���
���
������������ ��������� (λ)
���
���
���
���
��
���
��(Ε)
��������� ������ �����
Reactivity
Discord
Concurrence
FIG. 2: Comparison of concurrence and discord with our definition of reactivity for a bipartite Werner state. Concurrence
provides a measure for entanglement in that it is zero for separable states; however, it may be difficult to implement for higher–
dimensional multipartite states. Both global quantum discord and reactivity are measures for quantum correlation and not
entanglement. Global quantum discord will always be an upper bound for reactivity; however, it may increase under LOCC in
some cases. Reactivity is non-increasing under LOCC.[15]
Such higher–dimensional volumes enable us to define the reactivity,
R :=
(
(d−2)Area
(d−1)Volume.
)
, (2.8)
for higher number of qudits. Here for qudit state the volume is (d−1)-dimensional volume and the area is its (d−2)–
dimensional boundary. We showed that for Werner state that reactivity increases as quantum correlation increases.[1]
In this paper, we suggest that this reactivity satisfies the requisite properties for a measure of quantum correlation.
III. MEAN REACTIVITY AS CANDIDATE MEASURE OF QUANTUM CORRELATION
We show in this section that this measure of mean reactivity R satisfies the four established properties for a measure
of quantum correlation.[4]. Our proposed geometrical measure of correlation satisfies the following properties:
1. Reactivity is invariant under unitary transformations.
2. Reactivity is non-increasing under LOCC’s.
3. Reactivity is a monotonic function in quantum correlation, and the maximum bound on this curvature can’t be
obtained using only classical correlation.
We address each of these in order in the next four subsections, Sec. III A-Sec. III C. Its very definition based on the
ratio of analytic functions shows that it is extendable to higher–dimensional multipartite quantum states.
A. Invariance under Local Unitary Operators
We know that the reactivity defined in Eq. 2.3 depends on the information distance which has the following
properties
DAB = HA|B +HB|A
= Tr (MA ⊗MBρ) log
[
Tr(MA ⊗MB ρ)2
Tr (MATrB(ρ)) Tr (MBTrA(ρ))
]
(3.1)
4Which MA and MB are the projecton operators for Alice and Bob, now if we apply a unitary transformation to initial
state
ρ −→ UA ⊗ UB ρUAT ⊗ UBT (3.2)
then
DAB = Tr
(
MA ⊗MB
(
UA ⊗ UB ρUAT ⊗ UBT
))
log
[
Tr
(
MA ⊗MB
(
UA ⊗ UB ρUAT ⊗ UBT
))2
Tr
(
MAUATrB(ρ)UA
T
)
Tr
(
MBUBTrA(ρ)UB
T
)]
= Tr
((
UA
T ⊗ UBTMA ⊗MBUA ⊗ UB
)
ρ
)
log
[
Tr
((
UA
T ⊗ UBTMA ⊗MBUA ⊗ UB
)
ρ
)2
Tr
(
UA
TMAUATrB(ρ)
)
Tr
(
UB
TMBUBTrA(ρ)
)]
(3.3)
Any arbitrary 2× 2 unitary quantum gate can be written as a phase shift multiplied by a rotation. This rotation can
be expressed as a composition of a rotation and a rotation about the z-axis,
MA =
∑
λa|a〉〈a|
UA
TMAUA =
∑
λaR(z)
TR(α)T |a〉〈a|R(z)R(α)
(3.4)
In other words, we rotate the detector of Alice by some fixed angle about some axis for all measurements. Likewise,
we rotate the detector of Bob independently by some other fixed angle and other rotation axis. This operation will
not change κ since we took an average of the information distance over all possible configurations of Alice and Bob
in EQ. 2.4. Then unitary LOCC’s will not change our measure of correlation.
B. Reactivity is Non-Increasing under LOCC’s
It is accepted that any definition of a measure for quantum correlations that it should not increase under any
LOCC. We argue that for our reactivity measure in Eq. 2.3 for a bipartite state that, on average, HA|B will increase
under any LOCC. In particular, we wish to prove that for a given state and any two LOCC operators LA and LB ,
|ψ′〉 = MAB |ψ〉 = LA ⊗ LB |ψ〉, (3.5)
that both the entropy and distance increase,
HA|B(ψ′) ≥ HA|B(ψ)
DAB(ψ
′) ≥ DAB(ψ);
(3.6)
respectively. Consider the local operations acting on the density matrix
MρM† = M |ψ〉〈ψ|M†, (3.7)
then necessarily
ρ′ =
∑
i,j,k,l
Tr
(
M
AiBj
ρM†
AkBl
) [
M
AiBj
ρM†
AkBl
]
(3.8)
Using the convexity of Shannon entropy we have
HA|B(ρ) ≥
∑
i,j,k,l
Tr
(
M
AiBj
ρM†
AkBl
)
HAB
(
M
AiBj
ρM†
AkBl
)
(3.9)
Then R(ψ′) ≤ R(ψ). Although all the proofs in this section are written for two qubit systems they are easily
generalized to a larger number of qubits. Since in in higher dimensions the reactivity for n observers, {Ci}i,1,2,...,n
will still satisfy
R ∝ 1
HC1C2...Cn
. (3.10)
5C. Reactivity is Monotonic, its Maximum Bound Requires Quantum Correlations.
It is well established that quantum correlation is a resource for quantum processing.[9] The correlation in entangled
quantum states is stronger than any classical correlation. Unlike classical correlation, quantum correlation is non-
vanishing in more than one basis. In particular, a bipartite state with large quantum correlation may yield the same
information distance DAB as classically correlated quantum state for a given measurement operator MAB . This is
not acceptable for a measure of quantum correlation. However, our definition of reactivity in Eqs. 2.3&2.8 averages
over all measurements and the information distance will then be larger for the classically–correlated quantum state.
Therefore, the reactivity of the quantum correlated system will be larger since its inversely proportional to the
information distance. For example, even though the two states,
|ψ〉 = |HH〉 (no quantum correlation) (3.11)
and
|ψ′〉 = |HH〉+ |V V 〉√
2
(maximal quantum correlation) (3.12)
have the same distance DAB = D
′
AB for Alice and Bob given the horizontal–horizontal (HH) measurement basis
measurement; nevertheless, when we take an average over all configurations of Alice and Bob we showed that
DAB(ψ) ≥ DAB(ψ′) (3.13)
then maximum bound created by maximally entangled state can’t be created by any classical correlation.
IV. SUMMARY OF THE PROPERTIES OF REACTIVITY
We showed in this paper that the geometrically-defined reactivity over the space of measurements satisfies the major
properties required of a measure of quantum correlation. The reactivity measure is scalable in the sense that it can
be generalized to higher number of qubits. As a measure of correlation it has the advantage of being interpretation
free unlike quantum discord for multipartite states. Its expression is a relatively straightforward analytic function
probabilities, and it does not require any global minimization procedure or matrix inversion. In other words, it
appears to us to be relatively easy to calculate in comparison to other measures of correlation. Nevertheless, its
computational complexity is driven by the need to compute joint entropies over the observers measurement outcomes.
For a qudit state this would require a d–fold summation that scales exponentially. However, we may be able to extract
an accurate measure of the correlation for a multipartite system with high fidelity by using only a fraction of the
possible measurements. An analysis of the fidelity of this and other entanglement measures under partial–measures,
and its impact on reducing the computational complexity is beyond the scope of this paper. Nevertheless, we are
animated by Quantum Sanov’s Theorem that shows that the fidelity of distinguishing two quantum density matrices
pure ρ2 from ρ1 improves exponentially with the number of measurements, N ,[16](
Fidelity of ρ1 → ρ2
with N measurements
)
= 1− e−NS(ρ1||ρ2). (4.1)
Here, S(ρ1||ρ2) = Tr(ρ1 log ρ1 − ρ1 log ρ2) is a relative entropy. We hope that this theorem’s “information thermody-
namic” structure can be extended to a larger classes of quantum states.
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